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Problem 3B.7

Momentum fluxes for creeping flow into a slot (Fig. 3B.7). An incompressible Newtonian
liquid is flowing very slowly into a thin slot of thickness 2B (in the y direction) and width W (in
the z direction). The mass rate of flow in the slot is w. From the results of Problem 2B.3 it can

be shown that the velocity distribution within the slot is

3w Y\ 2
r = 1— —_— == z = B —1
Y 4BW,0[ <B” =0 v:=0 (3B.7-1)

at locations not too near the inlet. In the region outside the slot the components of the velocity
for creeping flow are

2w 3
r = — 3B.7-2
! ™Wp (2? +y?)? ( )
2w z2y
- _ 3B.7-3
Yy TWp (22 + y?)? ( )
v, =0 (3B.7-4)

Equations 3B.7-1 to 4 are only approximate in the region near the slot entry for both > 0 and
x <0.

Y

~
/

Fig. 3B.7. Flow of a liquid into a slot from a semi-infinite

region x < ().

(a) Find the components of the convective momentum flux pvv inside and outside the slot.
(b) Evaluate the xz-component of pvv at = —a, y = 0.
(c) Evaluate the zy-component of pvv at © = —a, y = +a.

(d) Does the total flow of kinetic energy through the plane z = —a equal the total flow of
kinetic energy through the slot?

(e) Verify that the velocity distributions given in Eqgs. 3B.7-1 to 4 satisfy the relation
(V-v)=0.
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(f) Find the normal stress 7., at the plane y = 0 and also on the solid surface at = = 0.

(g) Find the shear stress 7, on the solid surface at = 0. Is this result surprising? Does
sketching the velocity profile v, vs. x at some plane y = a assist in understanding the result?

Solution

The convective momentum flux, a second-order tensor, is

3 3
pPVV = p (Z 02-51-) Zvjéj
i=1 j=1

= p(v101 + v202 + v363) (V101 + V202 + v363)
= p(v%élél + v1v20102 + v1v30103
+ V1090281 + V50282 + Vov30903
+ 01030301 + vav30302 + v305053).

Part (a)
The components of velocity inside the slot are

Y= 4§$Vp [1 - (gﬂ

vy =0

v, =0,
so the convective momentum flux for z > 0 is

pvv = pv? 818,

LA PR AN RS
P16B2W2)? [ - (3) } w0

2
_ w8 Y s s
16B2W2p B?

On the other hand, the components of velocity outside the slot are

2w x>
T T W (@ 1 42

2w z2y
YT TIW (@ + g2
v, =0,

so the convective momentum flux for z < 0 is

pvvV = p(U%(sl(Sl + v1v201 02
+ v1v20201 + ’U%(SQ&Q).
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Substitute the components and expand the right side.

2w z3 25 5+ 2w 3 2w z2y 5.6
vV =p |— — _
P P17 7wp (2 +y2)2| P 7wp (22 + y?)? TWp (22 +y2)2] Y
2w 3 2w 2y 2w x?y 2
- - 0,0 - 8,0
+p[ WWp(x2+y2)2] [ 7TWp(:c2+y2)2] Y ”p[ 7TWp(:c2+y2)2] Y
4? 28 n 4w? x5y 5.8
W2 (22 +y2)4 " W2 (22 y2)d Y
e 5 Aw? 4,2
w x°y 5,8, + w x*y 5,3,
2W2p (22 + y2)* 2W2p (22 + y2)*
Therefore,
4a? 6 Ar? 5
2w2 2:B 571020z + 2w2 296y2 7920y
W2 (2% +y?) m2W2p (22 + y?)
4w’ ] 4w?  aly?
= + 6,0, + 6,0, ifx<0
pvv mW2p (22 + y2)4 V7T M2 W2p (22 + y2)t VY .
w2 y? 2 '
16321/1/2;)(1_BQ> 0,0, ifz >0

Note that physically each term represents the convective flux of (2nd delta subscript)-momentum
across a plane that is perpendicular to the (1st delta subscript)-direction. Observe that some of
them are always positive (even for flows different than the one in this problem). The §,9, fluxes
are because the liquid always flows from left to right in the positive z-direction. The §,6, flux is
as well because even though the liquid travels up in the positive y-direction only for y < 0, the
liquid travels down in the negative y-direction for y > 0. The 4,6, flux is positive when the liquid
travels up for y < 0 and goes in the positive z-direction but is negative when the liquid travels
down for y > 0 and goes in the positive z-direction. The J,, flux is positive when the liquid
travels to the right and goes in the positive y-direction (y < 0) but is negative when the liquid
travels to the right and goes in the negative y-direction (y > 0).

Part (b)

x = —a is outside the slot, so the relevant zz-component of pvv is

4w? 20
2W2p (22 + y2)4’

Plug in £ = —a and y = 0 and simplify the result.
4w?  ab
m2W?2p a®

4w?
m2a2W?2p
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Part (c)

x = —a is outside the slot, so the ry-component of pvv is

4w? oy

7-‘-2W2p (2132 + y2)4 :

Plug in x = —a and y = a and simplify the result.

4w’ (—a)’(a)
mW2p (2a2)4

quw? —ab

m2W2p 16a8

’LU2

CAr2a2W2p
Part (d)
For a liquid in motion, the kinetic energy per unit volume is
Ly
5[)’1} .
Multiply this by the volumetric flow rate (volume per unit time) to get the kinetic energy flow.

2dV

1
— U
2PV at

dV/dt is the dot product of velocity and area.

1
§PU2(V -A)

Actually, because the velocity varies with x and y, it’s necessary to integrate over the area that
the liquid flows through.

/ %pvQ(v -dA)

Begin by calculating the kinetic energy flow through the x = —a plane. The unit vector
perpendicular to this plane is d,, which means the dot product yields the z-component of velocity.

1
/ ipv%x dA

Integrate over the entire x = —a plane.

1
| geteavay

Bring the constants in front and rewrite v?.

W o0
@ ey
—00
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Substitute the components of velocity outside the slot and evaluate the integral.

pW 20 4w? xty? 2w z3
27772 s T ez .ma O] | s e | W
7TW 2 (22 +y2)t  w2W2p? (22 + y?) TWp (2% + y?)
pW/ - xty? Sw3 x> J
x2—|—y (2% + y2)4 T3W3 3 (22 + y2)?2 Y

Aw? /oo 29 . 2Ty ]
w2 | @2+ 28 @2+ y2)8| Y

A’ /°° —a’ 4 —a'y J
W2z | (@ + 428 " (a® + y2)8 Y

Qw3 9 0 dy . o y2
- g _J 4
s [t

4o 63 7
w(ag i +a7 0 >

Substitute z = —a.

m3W?2p2 256at 256a°
4 3bm
m3W2p2 \ 128a2
35w3
32m2a?W2p?

Again, this is the flow of kinetic energy through the x = —a plane, which is outside the slot. Now
the kinetic energy flow through the inside of the slot will be calculated.

[ gt aa)

For any plane x = b > 0 in the slot, the unit vector perpendicular to it is d,; this makes the dot

product yield v,.
1
/ Epv%z dA

B
/ —pv2u, (W dy)
B2

Integrate over the entire x = b plane.

Bring the constants in front and rewrite v?.

1%%4 B
p2/ (v? —H}g + v, dy
-B

Substitute the components of velocity inside the slot.

B 2 2\ 2
W _ 0wt (VY Lo4o
2 |_p|16B2W2p2 B2

w /B 2wt (g
2 | _p | 64B3W3p3 B2

www.stemjock.com



BSL Transport Phenomena 2e Revised: Chapter 3 - Problem 3B.7

Page 6 of 9

Bring the constants in front and evaluate the integral.

3

T e P S

128B3W2,2 | 5 Bz) Y

3

L e PR S N

128B3W2p2 | Bz) VY
27w? 328
128B3W2p2 \ 35

27w3
140B2W?2 p2

Again, this is the flow of kinetic energy inside the slot. Therefore, the flow of kinetic energy
through the plane x = —a is not equal to the flow of kinetic energy through the slot.

Part (e)

Check that V - v = 0 is satisfied both inside and outside the slot. The velocity components are as

follows.

Inside The Slot

Qutside the slot

o 3w 1_<£)2 U__2w a3
* 4BWp B T aWp (a2 + y?)?
vy =0 Vy = — 2w 7’y
Y Y TWp (22 + 12)2
v, =0 v, =0
Inside the slot, we have
o 9 0
v.v_<m’%7&>.<vx’vy’vz>
%4_%_’_81)2
ox oy 0z
0 3w Y\ 2 0 0
9z 1BW) [1_ (5) } + o, 050
3w 0 Y\ 2
(2
4BWp8:c[ <B>}+O+O
3w
4BWp(O)
=0.
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Outside the slot, we have

g 0 0
V.ev= <({').’E’8y’82> ° <Ux7vy7vz>

_ Oug n % n Ov,
- Oz oy 0z
_2 2w x> Jrﬁ 2w %y +é(0)
COx | TWp (a2 +y2)2] Oy | aWp (a2 +19y2)2| 0z
2w 0 z3 2w 0 z2y

: | i

T aWpdz | (12 +y2)2| aWpdy
_ 2w [32%(@ 4 9P’ -2 +y) - 20(2%)] 2w [aP(a® +yP)? - 2(2° + ) - 2y(ay)
W | (22 +y2)* TWp (2 +y2)*
2w 32 +y) —4a(@®)] | 2w [27(2® +yP) — dy(aPy)
- W | (22 +y?)3 Wp (22 +y?)3
_ 2w [32%(2® +¢P) —da(a®) + 2P (@ + yP) — dy(aPy)
- Wy | (22 4+ y?)3
2w [307 4 3%l At N -
-~ aWp (22 +y2)3
= 0.
Part (f)

The normal stress 7., is given on page 843.
v 2
Tox = — M |:2 8;:| + (SILL_ R) (V 'V)

It was verified in part (e) that V- v = 0.

vy
ox

Tra = —2/

Inside the slot v, is only a function of y, meaning 7., is zero for £ > 0. Outside the slot, however,
the normal stress is

_ o o 2w 3
Tae = "oy TWp (22 + y?)?

Ricd e

TWpox | (22 + y2)2
dpw [322(2? + y?)? — 2(2% + 9?) - 22(23)
~TWp [ (22 +y?)* }
dpw [322(2? + y?) — dz(23)
~ W [ (22 +y?)° ]
dpw 3x%y? — 2t

TWp (22 +y2)%
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Therefore,
4 3 2,2 .4
’V‘;“ T it <0
0 ifex >0

It follows that the normal stress on the z = 0 solid surface is
lim 7, = 0,
x—0

and the normal stress on the y = 0 plane is

4
P ita <o
lim 7, = W pz .
y—0
0 ifx >0
Part (g)
The shear stress 7, is also given on page 843.
ovy  Ovy
Tym - |:8(I,‘ + 8y :|
Inside the slot, we have
0 3w y?
= — il 1- 2
=0 s (3]}
_ Bpw 2y
~ 4BWp \ B?
3pw
2B°Wp

Outside the slot, we have

_ ﬁ +g 2w 23
Tve = "M Bz 7er x2+y 2] Oy ﬂWp(x2+y2)2

. 2w 0 2w 0
-k - Wp oz 1:2+y 2| aWpdy [ (22 +12)2

(a2 +y?)?

_5%{ [w”i ] a[m2+y 21} o o 3
::‘/;”p{{?xyﬂf +y (x;i(ﬂ;;ry) 2a(x )JJF{(O)(I“ +y)(x—21(z2;y)-2y($ )H
-t [ )

2uw | 2zy —6xy
:WWP[(:EQﬂLy }

2uw [2xy(y? — 322)
:WWp[ (22 +y2)? }
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Therefore,
2uw [2xy(y? —32%)] .
fr<0
s ) 1
Tyzr = " .
if
ZB3Wpy ifz >0

It follows that the shear stress on the x = 0 solid surface (from the left) is

lim 7., = 0.
z—0~

In light of the components of velocity outside the slot,

2w z3
T T W (2 1 42

2w z2y
Y= CaWp (22 + y2)?
v, =0,

this result for the shear stress is not surprising because vy is even in x (meaning that dv,/0x is
zero at x = 0) and v, has 2° in the numerator (meaning you get zero when v, /9y is evaluated at
x = 0). Below is a plot of v, versus  for w =W = p =1 on the y = 1 plane to illustrate this first

point.

“'};/ zero slope
| , ,

H 5
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